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The charged local anyonic excitations of the fractional quantum Hall effect – the quasihole and the quasielec-
tron – are created by adding or removing a magnetic flux. The existing trial wavefunctions of the quasielectron
have several problems, such as lack of screening or wrong braiding properties. It was shown, however, that for
lattice fractional quantum Hall systems, it is possible to find a relatively simple quasielectron wavefunction that
has all the desired properties [New J. Phys. 20, 033029 (2018)]. This naturally poses the question: what happens
to this wavefunction in the continuum limit? Here we demonstrate that, although one obtains a finite continuum
wavefunction when the quasielectron is on top of a lattice site, such a limit of the lattice quasielectron does not
exist in general. In particular, if the quasielectron is put anywhere else than on a lattice site, the lattice wave-
function diverges when the continuum limit is approached. The divergence can be removed by projecting the
state on the lowest Landau level, but we find that the projected state does also not have the desired properties.
We hence conclude that the lattice quasielectron wavefunction does not solve the difficulty of finding good trial
states for quasielectrons in the continuum.
I. INTRODUCTION
The discovery of the fractional quantum Hall effect (FQHE)
in heterojunctions in solids [1] marks the genesis of the endur-
ing interest in strongly correlated topologically ordered sys-
tems [2–4]. The topology in the FQHE is manifested in the
presence of quasiholes and quasielectrons, which are anyonic
excitations with positive and negative charge, respectively. In
such solid-state systems [1], similar experimental manipula-
tions – increasing or decreasing the external magnetic field
– lead to realizations of quasiholes or quasielectrons, respec-
tively.
Kitaev pointed out the usefulness of anyons in fault-tolerant
topological quantum computing [5]. The first step in achiev-
ing this, by utilizing the anyonic excitations appearing in the
FQHE, is to theoretically understand them. The dimension of
such systems’ Hilbert space being exponential in the number
of electrons renders it difficult for obtaining numerical results
ab initio. Descriptions in terms of ansatz wavefunctions have
traditionally provided the way forward.
For example, Laughlin provided an ansatz wavefunction ex-
plaining the FQHE ground state at 1/3 filling [6]. In the same
paper, he also provided an ansatz for the quasihole excitation,
where the electron density is locally decreased, by modify-
ing the ground state wavefunction. However, the difficulty
of obtaining an ansatz for the quasielectron, where the elec-
tron density at the location of the quasielectron needs to be
increased, was immediately understood. This leads to a pole
singularity due to the Pauli exclusion principle.
Distinct wavefunctions for quasiholes and quasielectrons
in the FQHE with different filling fractions were introduced
using several different approaches [6–16]. Laughlin, in his
paper, introduced an ansatz in terms of derivative operators
∂/∂Zi, where Zi are the electron coordinates [6]. Under the
composite fermion framework, Jeon and Jain proposed a dif-
ferent ansatz that has lower variational energy compared to the
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Laughlin ansatz [8]. This quasielectron ansatz can be thought
of as a composite of a quasiparticle of negative charge −2/3
and a quasihole of charge 1/3, orbiting around the common
center of mass with positive relative angular momentum [9].
One can obtain a quasielectron wavefunction by using a phys-
ical clustering condition, where it must vanish when certain
patterns of clusters of electrons are formed [10]. Another
way to obtain quasielectron and quasihole ansa¨tze is to con-
sider correlation functions of certain rational CFTs that in-
volve nonlocal operators [11–13]. How to construct all states
in the Abelian quantum Hall hierarchy using the above quasi-
hole and quasielectron wavefunctions was also explained [14].
An operator formalism describing the Laughlin quasielectron
in FQH systems with periodic boundary conditions (i.e., on
a 2-torus) is also known [15]. In all these descriptions, how-
ever, there are problems with wrong braiding statistics or that
the quasielectron is not necessarily at the right position. A de-
scription without these problems was found in [16], but it re-
quired some ad hoc modifications to obtain the expected den-
sity profiles numerically.
It is possible to write trial wavefunctions for quasiholes and
quasielectrons on a lattice [17], which do not suffer from the
aforementioned shortcomings. This description is particularly
simple because the quasiparticle operators are written in terms
of a single screened chiral boson field, and the density profiles
are undistorted due to absence of additional screening require-
ments. Interesting strongly correlated topological phases such
as topological Chern insulators are only present in such lattice
systems [18–20]. These are, e.g., relevant for implementations
in optical lattices. In this paper, we investigate the continuum
limit of these lattice wavefunctions. This analysis of the con-
tinuum limit – necessary for the description of solid-state any-
onic excitations – was absent in Ref. [17]. Although placing
the quasielectron on a lattice site produces a finite trial wave-
function, our analytical calculations show that the continuum
limit of the quasielectron does not exist in general. Addition-
ally, we show that an attempt to cure the wavefunction of this
problem by projecting it on the lowest Landau level (LLL) in
the continuum limit, as was alluded to in [6], is unphysical. In
particular, the LLL-projected continuum quasielectron ansatz
does not have the right braiding properties.
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2We recapitulate the Laughlin wavefunctions for the contin-
uum FQH ground state and the quasihole in Sect. II, and ex-
plain why the quasielectron – described as an inverse quasi-
hole – is singular. We recall in Sect. III the wavefunc-
tions for the anyonic excitations on a lattice with N lattice
points. These wavefunctions are not singular for finite N . In
Sect. IV A, we approach the continuum limit by increasing
the number of the lattice points N , while keeping the number
of electrons and the number of magnetic fluxes in the system
constant. We consider different positions of the quasielectron
in relation to the lattice sites. In particular, we explain that,
when we put the quasielectron on top of a lattice site, it leads
to a finite trial wavefunction. In Sect. IV B, we identify the
terms that diverge in the continuum limit. We show that the
ratio of the contributions from the divergent and regular terms
is proportional to lnN . This means that the continuum quasi-
electron is singular and is not confined to the LLL. The slow
nature of this divergence makes it hard for detection in the nu-
merics. We numerically show that indeed only the divergent
terms are responsible for bringing about the most amount of
change in the physical observables (e.g., excess charge) as we
approach the continuum limit.
To remove the singularity we project the quasielectron on
the LLL. We study this modified divergence free ansatz in
Sect. V, and explain how this also does not possess the de-
sired properties. In Sect. V A 1 we show that the anyon statis-
tics obtained by moving a LLL-projected quasielectron adia-
batically around a quasihole is different from the one obtained
by moving the quasihole around the same quasielectron. The
Berry phase obtained by moving the LLL-projected quasielec-
tron around a quasihole depends on the size and shape of the
contour. Moreover, in Sect. V A 2, we demonstrate that, if
starting from the ansatz wavefunction with a quasihole and a
LLL-projected quasielectron we take the position of the quasi-
electron to infinity, we fail to retrieve the wavefunction for an
isolated quasihole.
II. LAUGHLIN WAVEFUNCTION: CONTINUUM
DESCRIPTION
Consider a FQH droplet of filling fraction 1/q withM elec-
trons, where q is a positive integer. To describe K quasiparti-
cles at w1, . . . , wK , Laughlin introduced the following ansatz
wavefunctions:
∣∣ψ〉cont = C−1 ∫ · · · ∫ M∏
i=1
d2Zi
∣∣Z1, . . . , ZM〉
×
∏
i,k
(wk − Zi)pk
∏
i<j
(Zi − Zj)q e−
∑M
i=1 |Zi|2/4l2B , (1)
where C is a real normalization constant, the electronic coor-
dinates Zi take any value on the complex plane, and lB is the
magnetic length [6]. The Jastrow factor prevents two particles
from being at the same position. The state describes fermions
for q odd and hardcore bosons for q even.
There are two types of quasiparticles in the FQHE, namely
the quasihole and the quasielectron with fractional charges
+e/q and −e/q, respectively. Here e > 0 is the absolute
value of the electronic charge. In Eq. (1), pk = 0 for all
k, produces the Laughlin FQHE ground state wavefunction.
When pk = +1, there is a quasihole at wk, where the addi-
tional (local in wk) factor
∏
i (wk − Zi) corresponds to the
insertion of a positive flux tube at wk [6].
However, the wavefunction is not physical when pk = −1.
The factor corresponding to the insertion of a negative flux
tube at wk is singular, when any of the electronic coordinates
Zi are equal to wk. This renders the naive description of the
quasielectron to be an inverse quasihole invalid.
III. LATTICE WAVEFUNCTIONS
In this section, we recall the salient features of the quasi-
electron wavefunction on a lattice, which was introduced in
Ref. [17]. The lattice sites are zi for i = 1, . . . , N . Here we
consider the case of a square lattice with a roughly circular
boundary of radius R. The local basis on site i is labelled
by |ni〉, where the lattice occupancy ni is either 0 or 1. Af-
ter setting the magnetic length lB = 1, it is possible to write
down the wavefunction for K different quasiparticles at the
positions w1, . . . , wK in terms of the chiral correlator of CFT
vertex operators as follows:
∣∣ψ〉 ∝ ∑
n1,...,nN
〈0|
K∏
k=1
Wpk
N∏
i=1
Vni |0〉
∣∣n1, . . . , nN〉, (2)
where the vertex operators are
Wpk = : e
ipkφ(wj)/
√
q :,
Vnj = χnj : e
i(qnj−η)φ(zj)/√q : .
(3)
Here : . . . : denotes normal ordering, φ (zj) is the chiral field
of a massless free boson evaluated at the position zj , χnj are
the unspecified single particle phase factors that do not de-
pend on the wj , and the area assigned per single lattice site is
2piη. The vertex operator Wpk with pk = +1 (−1) creates a
quasihole (quasielectron).
From Eq. (2), we obtain the following ansatz for the K
quasiparticle excitations at the positions w1, . . . , wK :
∣∣ψ〉 = C−1 ∑
n1,...,nN
δn
N∏
i=1
χni
∏
i,k
(wk − zi)pkni
×
∏
i<j
(zi − zj)qninj−η(ni+nj)
∣∣n1, . . . , nN〉. (4)
Note that the correlation function is zero unless the charge
neutrality condition,
N∑
i=1
ni =
(
ηN −
K∑
k=1
pk
)
/q, (5)
is obeyed by the lattice occupancies. This is imposed in
Eq. (4) by the Kronecker delta function δn. The real normal-
ization constant C in Eq. (4) is a function of the quasiparticle
positions, and it obeys
3C2 =
∑
n1,...,nN
δn
∏
k,j
|wk − zj |2pknj
×
∏
i<j
|zi − zj |2qninj−2η(ni+nj)
=
∑
n1,...,nN
δnC2n1,...,nN . (6)
Eq. (4) provides a valid (finite) trial wavefunction. This
ansatz also works when the quasielectron position wk is ar-
bitrarily close to a lattice site zi. In this case, the proximity
of wk and zi forces ni → 1. This allows us to include the
infinitely large constant (wk − zi)−1 in the normalization.
The charge neutrality condition described in Eq. (5) guar-
antees that the number of particles in the FQH droplet remains
constant for any η. This in turn means Nη = constant, where
N is the number of lattice sites inside the circle of fixed ra-
dius R. As we decrease η, R stays fixed, but the number of
sites inside the circle increases, which allows the particles to
be in more places. Thus the parameter η allows us to inter-
polate between the lattice limit (η = 1) and the continuum
limit (η → 0+). In the continuum limit and with pk = 0 for
all k, starting from the wavefunction (4) defined on a lattice
with uniformly distributed sites and a circular boundary, one
obtains the Laughlin wavefunction. In the continuum limit,
the occupied subset of lattice points (M of them) are the elec-
tronic coordinates Z1, . . . , ZM [21].
A. Braiding Statistics
When the kth anyon situated at wk moves adiabatically in
a closed contour c, the wavefunction is modified as
∣∣ψ〉 →
Meiθk
∣∣ψ〉. Here θk is the Berry phase, and the monodromy M
is the change in the wavefunction effected by only the analyt-
ical continuation.
For future use, we briefly repeat the computation of the
Berry phase θk. Starting with the wavefunction (4) for K
anyons, we write θk as follows:
θk = i
∮
c
〈
ψ
∣∣∣∣ ∂ψ∂wk
〉
dwk + c.c.
=
i
2
∮
c
1
C2
∂C2
∂wk
dwk + c.c.. (7)
From Eq. (6) we observe that
∂C2
∂wk
=
∑
n1,...,nN
δnC2n1,...,nN
∑
j
pknj
wk − zj . (8)
We also recall the following expression for the expectation
value of an operator Oˆ that is diagonal in the |n1, . . . , nN 〉
basis:〈
ψ
∣∣∣Oˆ∣∣∣ψ〉 = 1C2 ∑
n1,...,nN
δnC2n1,...,nN
×
〈
n1, . . . , nN
∣∣∣Oˆ∣∣∣n1, . . . , nN〉 . (9)
Using Eqs. (7), (8), and (9), we obtain [22, 23]
θk = i
pk
2
∮
c
∑
i
〈ni〉
wk − zi dwk + c.c.. (10)
When the quasiparticles are screened – i.e., a quasiparticle
at wj only affects the particle densities close to wj (see Fig. 2,
for example) – it is possible to separate them sufficiently. We
now move a quasiparticle atwk in a closed contour c, such that
wj always remains far from c. One then writes the anyonic
statistics γ of the kth and the jth quasiparticles as
2piγ = θk,(wj inside) − θk,(wj outside)
=
ipk
2
∮
c
∑
i
〈ni〉(wj inside) − 〈ni〉(wj outside)
wk − zi dwk
+ c.c., (11)
where θk,(wj inside)
(
θk,(wj outside)
)
is the Berry phase with the
jth anyon inside (outside) c. In the above equation, we have
used the fact that the monodromy M is the identity.
For screened and well-separated anyons, 〈ni〉(wj inside) −
〈ni〉(wj outside) is independent ofwk. It is non-zero only for lat-
tice positions that are close to the two possible values of wj .
Using this in Eq. (11), one obtains the correct anyon statis-
tics: γ = pjpk/q. We note that the above argument neither
depends on the nature (whether they are quasiholes or quasi-
electrons) of the anyons, nor on the value of η.
IV. DIVERGENCE OF THE CONTINUUM LIMIT OF THE
LATTICE WAVEFUNCTION
For the sake of definiteness, we consider one quasielectron
at w1 and one quasihole at w2. We write the ansatz for this
system using Eq. (4) as follows:
∣∣ψ〉 = C−1 ∑
n1,...,nN
δn
N∏
i=1
χni
N∏
i=1
(
w2 − zi
w1 − zi
)ni
×
∏
i<j
(zi − zj)qninj−η(ni+nj)
∣∣n1, . . . , nN〉. (12)
Note that, since
∑
k pk = 0 in this system, we still have M =
Nη/q particles.
A. Continuum Limit of the Quasielectron Ansatz: Numerics
In order to isolate and study the properties of the quasielec-
tron, we considerw1 to be the origin andw2 to be the complex
infinity. In the limit w2 → ∞, the factor
∏N
i=1 (w2 − zi)ni
approaches
∏N
i=1 w
ni
2 = w
M
2 , which is a constant (albeit, an
infinite one) that can be absorbed in the normalization. This
gives the following wavefunction for a single quasielectron:
∣∣ψQE〉 = C−1 ∑
n1,...,nN
δn
N∏
i=1
χ˜ni
N∏
i=1
z−nii
4FIG. 1. A step toward the continuum limit for a square lattice. We
start with a square lattice (green diamonds), where the length of the
primitive lattice vector is
√
2pi. In the next step (new lattice points
are the blue dots), the length of the primitive lattice vector becomes√
pi/2, and we have four times as many lattice sites inside the same
area. The three inequivalent quasielectron positions that we consider
(cf. Fig. 5) are – (1) the center of a square plaquette formed by four
lattice points (red asterisk), (2) midway between two lattice sites (red
pentagram), and (3) on a lattice point (red square).
×
∏
i<j
(zi − zj)qninj−η(ni+nj)
∣∣n1, . . . , nN〉, (13)
where χ˜ni = (−1)niχni .
We then proceed to study the continuum limit of the quasi-
electron ansatz (13) for a square lattice defined on a circular
disk of radius R ≈ 5.6√2pi. Without loss of generality, we
consider the following initial primitive lattice vectors:
a1 = xˆ
√
2pi, a2 = yˆ
√
2pi, (14)
where xˆ and yˆ are the unit vectors in the x and y directions.
Since the area per primitive cell needs to be 2piη, we initially
have η = 1. The circular disk initially contains 96 lattice
points.
We gradually decrease η while keeping M and Nη fixed.
To achieve this, in the next step we consider a square lattice in
which we replace each of the unit cells in the original lattice
with L2 smaller unit cells each having the area 2pi/L2. In this
way one has
N = NNew/L
2, η = L2ηNew, NNewηNew = Nη. (15)
As shown in Fig. 1, we shall consider three distinct posi-
tions of the quasielectron – (1) the center of a square plaquette
formed by four lattice sites, (2) midway between two lattice
sites, and (3) on a lattice point. We place the origin at (1). As
we decrease η and increaseN while keepingNη constant, (2)
and (3) converge to the origin. In the continuum limit, all the
three inequivalent quasielectron positions coincide.
We already explained below Eq. (6) that putting the quasi-
electron on top of a lattice site [position (3)] obtains a finite
trial wavefunction. That explanation also holds in the con-
tinuum limit. However, such reasoning does not work, when
the quasielectron is at the center of a square plaquette [posi-
tion (1)], or midway between two lattice sites [position (2)].
The question is if the continuum trial wavefunctions, with
the quasielectron in the above three inequivalent positions,
coincide and converge. At the continuum limit, one defines
the LLL. Laughlin states and their quasiparticle excitations
should be confined to it. We need to verify this as well.
We study the excess charge profile, which is defined as fol-
lows:
Q−1(r) =
N∑
i=1
Θ (r − |zi|) (〈ni〉0 − 〈ni〉−1) . (16)
Here Θ(x) denotes the Heaviside step function
Θ(x) =
{
0 for x < 0
1 otherwise
. (17)
In Eq. (16), 〈ni〉−1 are the occupancies of the lattice sites with
the quasielectron ansatz (13), and 〈ni〉0 are the occupancies
of the lattice sites calculated with the wavefunction (4) and
all pk = 0. In Figs. 2a and 2b, we show the excess particle
densities (〈ni〉−1 − 〈ni〉0) for q = 2 and q = 3.
We have considered a quasielectron at the center of a square
plaquette down to η = 1/322 for both q = 2 and 3 in Fig. 3.
Here we go to much smaller values of η than what was con-
sidered in Ref. [17]. The smallest value considered there was
η = 1/102. The excess charge, as expected, saturates to
Q−1(r) = −1/q in both Figs. 3a and 3b for r & 2.0
√
2pi.
For distances smaller than
√
2pi, especially near the trough of
the excess charge profile, it keeps going down as we decrease
η. However, the amount of change is so small – keeping in
mind the numerical accuracy of our calculations (see Figs. 3c
and 3d, where we have included the ±σ errorbar) – that it is
difficult to comment whether the charge profile has saturated
or not.
On the other hand in Figs. 4a and 4c (in the latter we
have included ±σ errorbars), we show the converged (un-
like Fig. 3) excess charge profiles for small values of η us-
ing the exact ansatz wavefunction for the quasielectron po-
sition w =
√
2piη (1/2, 1/2). We keep the above lattice
site always occupied to obtain Q−1(r) with the exact ansatz
while performing the Monte Carlo simulations. In Figs. 4b
and 4d (the latter shows ±σ errorbars), we compare Q−1(r)
calculated with the exact analytical ansatz to the the one ob-
tained by keeping the quasielectron close to a lattice point√
2piη (1/2, 1/2). In Fig. 5, we plot the Q−1(r) for the three
different quasielectron positions shown in Fig. 1.
Figs. 2, 3, 4, and 5 demonstrate that the quasielectron
is indeed screened. Combining this with the arguments of
Sect. III A shows that the quasielectron described by Eq. (4)
also has the correct braiding properties.
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FIG. 2. Excess particle densities 〈ni〉−1 − 〈ni〉0 (see below Eq. (17) for the definitions of 〈ni〉−1 and 〈ni〉0) at different lattice points in the
presence of a quasielectron (13), shown by the red star at the origin, for inverse filling fractions q = 2 (a), and q = 3 (b). Here we only
show a part of the lattice. The particle densities of only a few lattice sites close to the quasielectron are affected. The screened nature of the
quasielectron proves that the quasiparticles described by Eq. (4) have the correct braiding properties, see Sect. III A.
B. Divergence of the Continuum Quasielectron: Analytical
Argument
The foregoing numerical calculation could not definitively
answer if the quasielectron (13) leads to a singularity in the
continuum, when it is placed at the center of a square plaque-
tte or midway between two lattice points. We therefore take
recourse to an analytical argument. When we are close to the
continuum limit, there are so many lattice points that the elec-
trons can be almost anywhere. However, at the place where
we have the singularity, the difference between the lattice and
the continuum is important.
In particular, the underlying lattice structure introduces a
distance of closest approach from the quasielectron position ξ
(as long as the quasielectron is not placed on top of a lattice
point). Since the length of the primitive lattice vectors in the
square lattice is
√
2piη, we have
ξ ∝ √η ∝ 1/
√
N. (18)
The proportionality constant in Eq. (18) depends on the posi-
tion of the quasielectron with respect to a square plaquette.
In the continuum, the LLL is well-defined and the quasi-
electron should be entirely confined to it. This does not
hold for the wavefunction (13) because of the 1/zi factors.
We write the norm of the single electron LLL wavefunction
e−|Z|
2/4 multiplied by the quasielectron pole 1/Z over a do-
main with a hole around the singularity as follows:∫∫
D′
∣∣∣∣e−|Z|2/4Z
∣∣∣∣2d2Z
=
∫∫
D
Θ2 (|Z| − ξ)
∣∣∣∣e−|Z|2/4Z
∣∣∣∣2d2Z, (19)
where Θ(x) is the Heaviside step function (17). We per-
form the integral in the left hand side on a sufficiently large
disk D with a small hole of radius ξ around the position of
the quasielectron – the origin. We denote this not-simply-
connected domain as D′. The integral on the right hand side,
with the wavefunction Θ (|Z| − ξ) e−|Z|2/4/Z, is performed
on the full disk. The wavefunctions in both sides of Eq. (19)
do not live in the LLL.
The preceding discussion establishes that the lattice quasi-
electron (13) tends to the following continuum quasielectron
living on D′:
∣∣ψQE〉cont = C−1 ∫ · · · ∫
D′M
M∏
i=1
d2Zi
∣∣Z1, . . . , ZM〉
×
∏
i
Z−1i
∏
i<j
(Zi − Zj)q e−
∑M
i=1 |Zi|2/4l2B . (20)
Expanding the product
∏
i<j (Zi − Zj)q , we write the wave-
function (20) as follows:
∣∣ψQE〉cont = C−1 ∫ · · · ∫
D′M
M∏
i=1
d2Zi
∣∣Z1, . . . , ZM〉
×
∑
q1,...,qM
Eq1,...,qM
M∏
l=1
Zql−1l e
− |Zl|24 , (21)
where Eq1,...,qM are different expansion coefficients, and
q1, . . . , qM satisfy∑
l
ql = qM(M − 1)/2, 0 6 ql 6 (M − 1)q. (22)
6(a) (b)
(c) (d)
FIG. 3. Excess charge Q−1(r) of the quasielectron (13) for inverse filling fractions q = 2 [(a) and (c)] and q = 3 [(b) and (d)]. The
quasielectron is at the origin of a circular disk of radius R ≈ 5.6√2pi with a square lattice with N lattice points embedded on it. We define
Q−1(r) as a function of the radial distance r from the quasielectron in the units of absolute electronic charge e in Eq. (16). We show the Q−1(r)
averaged over 25 different Monte Carlo datasets in (a) and (b). Additionally, in (c) and (d), we include an errorbar of±σ for the excess charge
profiles, where σ is the variance of Q−1(r). To approach the continuum, starting from the lattice limit η = 1, in consecutive steps we decrease
η as η = 1/L2, and put L2N lattice sites on the same circular disk of radius R. We show the Q−1(r) profiles for L = 20, 24, 28, and 32. For
r & 2
√
2pi, for all the η values shown here, the excess charge for the quasielectron at filling fractions 1/q is indeed close to 1/q. When r is
small, i.e., near the trough of the excess charge profile, Q−1(r) goes down as we decrease η. It is hard to conclude if the profile has reached a
limit or not after including the ±σ errorbar. In Sect. IV B, we argue that the curves do not converge.
Note that Eq1,...,qM are the same coefficients that appear in
the expansion of the Laughlin wavefunction (Eq. (1) with all
pk = 0) in the basis
∣∣q1, . . . , qM〉 of single electron wave-
function product, which we write as follows:∣∣ψ〉 = C−1 ∑
q1,...,qM
Eq1,...,qM
∣∣q1, . . . , qM〉. (23)
To go back to the coordinate basis
∣∣Z1, . . . , ZM〉, one needs
to insert the following identity operator,
1 =
∫
· · ·
∫
DM
M∏
i=1
d2Zi
∣∣Z1, . . . , ZM〉〈Z1, . . . , ZM ∣∣, (24)
7(a) (b)
(c) (d)
FIG. 4. Excess charge Q−1(r) profile with the quasielectron on a lattice site for q = 3. In (a), we plot Q−1(r) for η = 1/24
2, 1/282,
and 1/322 using the exact analytical wavefunction, where we always keep the lattice site at
√
2piη (1/2, 1/2) occupied. The convergence of
Q−1(r) is clearly demonstrated here. In (b), we compare the excess charge profile for η = 1/32
2 obtained from the analytical wavefunction
to the ones, with η = 1/242, 1/282, and 1/322, obtained from the wavefunction with the quasielectron close to a lattice site at w =√
2pi
(√
η/2,
√
η/2− 10−4). In (c) and (d), we show (a) and (b) with ±σ errorbars, respectively.
in Eq. (23), and use
〈
Z1, . . . , ZM
∣∣q1, . . . , qM〉 ∝ M∏
l=1
Zqll e
− |Zl|24 . (25)
Using this, we write Eq. (21) as:∣∣ψQE〉cont = C−1 ∑
q1,...,qM
Eq1,...,qM
∣∣q1−1, . . . qM −1〉, (26)
where
∣∣q1 − 1, . . . qM − 1〉 is an orthonormal product basis
similar to
∣∣q1, . . . , qM〉. This new single electron basis on D′,
however, includes the element
∣∣− 1〉 with〈
Z
∣∣− 1〉 ∝ Z−1e− |Z|24 , (27)
to accommodate the quasielectron pole. Note that the function
(27) is normalizable on the domain D′.
We have two types of terms in the expansion (21) – the
ones with all the ql positive, and the ones with at least one
of them equal to zero. The first type of terms {qreg1 , . . . , qregM }
do not lead to any singularity. We delineate this regular (not
normalized) part of the continuum quasielectron wavefunction
(21) as follows:
8FIG. 5. Excess charge profiles for q = 3 and η = 1/322 with
three different inequivalent positions w of the quasielectron in the
square lattice. Here r is the radial distance from the quasielectron
position. The three positions – center of a square plaquette (solid
green), midpoint of a side (brown dashed), and on top of a lattice site
(indigo dash-dot) – lead to different Q−1(r) profiles.
∣∣ψregQE〉cont = C−1 ∫ · · · ∫
D′M
M∏
i=1
d2Zi
∣∣Z1, . . . , ZM〉
×
∑
qreg1 ,...,q
reg
M
Eqreg1 ,...,qregM
M∏
l=1
Z
qregl −1
l e
− |Zl|24 , (28)
where C is the same as in Eqs. (20) and (21).
The second type of terms {q∞1 , . . . , q∞M} however, have
at least one pole at the origin. Among all these terms,
those that have poles of the type Z−1k , must have qk = 0
in Eq. (21). Factors of Zk appear in
∏
i<j (Zi − Zj)q ei-
ther from
∏
l(<k) (Zl − Zk)q , or from
∏
l(>k) (Zk − Zl)q .
Note that both the binomial expansions of (Zl − Zk)q and
(Zk − Zl)q produce homogeneous polynomials of degree q.
The only monomial in these expansions with no powers of Zk
is Zql . This also shows that it is not possible to have two ql to
be equal to zero.
Using this we write the singular (not normalized) part of the
continuum quasielectron wavefunction (20) as follows:
∣∣ψ∞QE〉cont = C−1 ∫ · · · ∫
D′M
M∏
i=1
d2Zi
∣∣Z1, . . . , ZM〉
×
M∑
k=1
Z−1k
∏
l(<k)
Zq−1l
∏
l(>k)
(−Zl)q−1
∏
i<j
i,j 6=k
(Zi − Zj)q
× e−
|Zj |2
4 , (29)
where C is the same as in Eqs. (20), (21), and (28). After can-
cellation only one of these poles in
∏
l Z
−1
l remain in the sin-
gular terms (29). The other poles coming from
∏
l(6=k) Z
−1
l ,
in the term that has a residual pole Z−1k , reduce the power of
Zl from q to q − 1. Denoting the {q∞1 , . . . , q∞M} with qk = 0
as {qk∞1 , . . . , qk∞M } we finally write Eq. (29) as follows:
∣∣ψ∞QE〉cont = C−1 ∫ · · · ∫
D′M
M∏
i=1
d2Zi
× ∣∣Z1, . . . , ZM〉 M∑
k=1
Z−1k
×
∑
qk∞1 ,...,q
k∞
M
Eqk∞1 ,...,qk∞M
∏
l(6=k)
Z
qk∞l −1
l e
− |Zl|24 . (30)
Using the orthogonality of the basis elements in the right
hand side of Eq. (26), and Eqs. (28) and (30), we derive the
following normalization condition for the wavefunction (21):
C2reg + C2∞ = C2, (31)
where
C2reg =
∑
qreg1 ,...,q
reg
M
E2qreg1 ,...,qregM
M∏
l=1
∫∫
D′
d2Zl
× |Zl|2(q
reg
l −1) e−
|Zl|2
2 , (32a)
C2∞ =
M∑
k=1
∫∫
D′
d2Zk
1
|Zk|2
e−
|Zk|2
2
×
∑
qk∞1 ,...,q
k∞
M
E2qk∞1 ,...,qk∞M
∏
l(6=k)
∫∫
D′
d2Zl
× |Zl|2(q
k∞
l −1) e−
|Zl|2
2 . (32b)
The integrands of the type |Zl|2(ql−1)e−
|Zl|2
2 lead to the fol-
lowing radial integrals:∫ ∞
0
r2ql−1l e
−r2l /2dr = 2ql−1Γ(ql), (33)
where in the ξ → 0 limit we have simply replaced ξ by zero.
The integrands of the type |Zk|−2e−
|Zk|2
2 in Eq. (32b), on the
other hand, lead to∫ ∞
ξ
1
r
e−r
2/2dr =
1
2
E1
(
ξ2
2
)
, (34)
where ξ ∝ 1/√N is the distance of closest approach between
the electrons and the singularity, and E1(x) is the exponential
integral [24]. To estimate the exponential integral we use the
following bound:
1
2
e−x ln
(
1 +
2
x
)
< E1(x) < e
−x ln
(
1 +
1
x
)
, (35)
where x > 0.
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(c) (d)
FIG. 6. The divergent terms in the expansion of Eq. (13) [the terms that are not confined to the LLL in the continuum – i.e., the ones left
after subtracting Eq. (39) from (13)] are responsible for the changes in Q−1(r) between 0 < r .
√
2pi. All of these plots are for a square
lattice on a circular disk of radius R ≈ 8.3√2pi and q = 3. We plot Q−1(r) vs. r with ansatz (13) for η = 3/288, 3/512, and 3/800 in (a).
As we decrease η, the minimum of Q−1(r) near r = 0.25
√
2pi keeps decreasing. The oscillations about Q−1(r) = −1/3 for r & 2.0
√
2pi
gradually decrease with decreasing η. We have included the ±σ errorbars in the inset of (a). In (b), (c), and (d) we show the Q−1(r) vs. r
plots for η = 3/288 and 3/512, where we compute the excess charges with the ansatz (13), with ansatz (13) projected to the LLL [i.e., with
ansatz (39)], and with only the divergent terms in Eq. (13), respectively. From (c), we notice that Q−1(r) calculated with Eq. (39) for the two
different values of η are almost identical. The inset of (c) shows Q−1(r) for upto r =
√
2pi. In both (b) and (d), the are significant changes in
Q−1(r) when η changes.
For comparing the contribution of the regular terms with the
contribution of the irregular terms with poles, we introduce the
following (always positive) ratio:
r =
C2∞
C2reg
=
1
2
E1
(
ξ2
2
)
r∗(M), (36)
where r∗(M) denotes a function of M . In the above, we have
used that each term of the sum
∑
k in the right hand side of
Eq. (32b) is proportional to E1
(
ξ2/2
)
/2. From Eqs. (35)
and (36), we show that in the continuum limit the contribution
from the pole (32b) diverges as lnN , when the quasielectron
is situated either at the center of a square plaquette or midway
between two lattice sites. The slow nature of the singularity is
indeed difficult to capture in numerics.
Consistent with the above analysis, we numerically demon-
strate that in the divergence of the excess charge Q−1(r) the
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irregular terms (the ones leading to a pole in the continuum
and hence not confined to the LLL) in ansatz (13) play the
most important part. Here we are concerned about the contin-
uous lowering of the Q−1(r) profile near the minima close to
r = 0.25
√
2pi. The other parts of the profile eventually con-
verge. In particular, the oscillations for r & 2.0
√
2pi due to
the underlying lattice structure die off, see Fig. 6a. With the
help of Figs. 6b, 6c, and 6d we show that, when we decrease
η, the Q−1(r) profile between 0 < r .
√
2pi is most affected
by the aforementioned divergent terms.
V. FAILURE OF THE LLL-PROJECTED
QUASIELECTRON ANSATZ
The obvious way to remove the singularity at the quasi-
electron position w1 from the ansatz (13) is to project it
to the LLL. We do this by removing the singular terms,
which amounts to subtracting the following terms from∏
i<j (zi − zj)qninj :
R =
N∑
k=1
nk
∏
l(>k)
(w1 − zl)qnlnk
×
∏
l(<k)
(zl − w1)qnknl
∏
i<j
i,j 6=k
(zi − zj)qninj . (37)
Comparing Eq. (37) with Eq. (29), we note that it is equiva-
lent to subtracting the following from
∏
i<j (Zi − Zj)q in the
continuum limit:
Rcont =
M∑
k=1
∏
l(>k)
(w1 − Zl)q
×
∏
l(<k)
(Zl − w1)q
∏
i<j
i,j 6=k
(Zi − Zj)q . (38)
Using this we write the modified lattice ansatz for a single
quasielectron as follows:
∣∣ψQE〉 = C−1 ∑
n1,...,nN
δn
N∏
i=1
χni
N∏
i=1
(w1 − zi)−ni
× (1−F)
∏
i<j
(zi − zj)qninj−η(ni+nj)
∣∣n1, . . . , nN〉, (39)
where we use phase factors χni similar to Eq. (12), and use
the following definition for F :
F = R
∏
i<j
(zi − zj)−qninj
=
∑
k
nk
∏
l(6=k)
(
w1 − zl
zk − zl
)qnlnk
. (40)
Incorporating the above modification, one writes the ansatz
for a quasielectron at w1 and a quasihole at w2 as follows:
∣∣ψ〉 = C−1 ∑
n1,...,nN
δn
N∏
i=1
χni
×
N∏
i=1
(w1 − zi)−ni (1−F)
N∏
i=1
(w2 − zi)ni
×
∏
i<j
(zi − zj)qninj−η(ni+nj)
∣∣n1, . . . , nN〉, (41)
where we have kept the multiplicative factor for the quasihole∏N
i=1 (w2 − zi)ni unchanged.
We numerically study the excess charge profiles with the
modified divergence-free quasielectron (39) in Fig. 7. It is
known that for η = q/2 the quasielectron excess charge is
precisely the negative of the quasihole excess charge [17].
For this special value of η we see that the original quasielec-
tron (13) and the modified divergence-free quasielectron (39)
produce almost similar profiles for Q−1(r). However, as we
move away from this special η value and move toward the con-
tinuum limit, the difference between the two quasielectrons
becomes more apparent. However, for large r we observe
Q−1(r)→ 1/q for both quasielectrons. We now demonstrate
that the LLL-projected quasielectron does not have the desired
properties.
A. Inconsistencies in the Modified Ansatz
In this section we first show that the modified ansatz fails
to obtain correct braiding properties for the quasiparticles. We
further demonstrate that starting from the ansatz for an FQH
system with a quasihole and a modified quasielectron it is not
possible to isolate a quasihole.
1. Incorrect Braiding Statistics
To determine the braiding statistics between a quasihole
and the modified quasielectron, we need to obtain the Berry
phases from the wavefunction (41). We write the normaliza-
tion constant there as follows:
C2 =
∑
n1,...,nN
δn
∏
i
|w1 − zi|−2ni |w2 − zi|2nj
×
∏
i<j
|zi − zj |2qninj−2η(ni+nj) |1−F|2 . (42)
Following the same steps delineated in Sect. III A, we ob-
tain the Berry phase by moving the quasihole coordinate w2
in a loop as follows:
θ2 =
i
2
∮
c
∑
i
〈ni〉
w2 − zi dw2 + c.c., (43)
where we have used the fact that F is w2 independent. Using
this expression for the Berry phase, and the fact that both the
quasihole and modified quasielectron are localized, we obtain
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(a) (b)
FIG. 7. Comparison of the excess charge Q−1(r) for the quasielectron, calculated with the original quasielectron ansatz (13) [blue solid] and
the modified divergence-free ansatz (39) [red dashed]. Both of them are for a square lattice on a circular disk of radius R ≈ 8.3√2pi and
inverse filling fraction q = 3. We have η = q/2 in (a), and η = q/
(
2× 162) in (b) [±σ errorbar in the inset]. Already in (a) the excess
charge profiles do not match fully. For large r, however, we observe that Q−1(r)→ 1/q for all the profiles.
the anyonic statistics between the quasihole and the quasielec-
tron to be γ = −1/q.
We then proceed to calculate the Berry phase by moving
the quasielectron coordinate w1 in a loop and obtain
θ1 = − i
2
∮
c
∑
i
〈ni〉
w1 − zi dw1
− i
2
∮
c
〈
1
1−F
∂F
∂w1
〉
dw1 + c.c.. (44)
Using this Berry phase does not derive the correct anyonic
statistics because of the additional term. Moreover, this addi-
tional term contains nontrivial poles of w1 that are functions
of the lattice positions zi. As a result, it depends on the size
and shape of the contour c. This failure renders the modified
quasielectron ansatz (39) unusable.
2. Isolating a Quasihole
We explained above Eq. (13), how taking the limit
w2 → ∞ in Eq. (12) leads to an isolated quasielectron at
w1. One can similarly take the w1 → ∞ limit. In Eq. (12),∏N
i=1 (w1 − zi)−ni becomes a zi independent factor w−M1 in
that limit, which is absorbed in the normalization. Evidently
this limit isolates the quasihole at w2.
We take the limit w1 → ∞ in Eq. (41). We only need to
investigate the behavior of [1−F ]. Since w1 is in the nu-
merator of F , we neglect the one in front. The problem is
that this factor contains factors like (zl − zk)qnlnk . Because
of such dependence on z1, . . . , zN , we cannot absorb F in the
normalization.
VI. CONCLUSION
In this paper, we studied the continuum limit of a lattice
quasielectron ansatz. This lattice quasielectron, besides hav-
ing the localization in the correct position and having the cor-
rect braiding properties, is the inverse of the lattice quasihole.
Our study reveals that a continuum limit of this lattice
wavefunction does not exist. Only when the quasielectron is
placed on top of a lattice site, this limit of the lattice quasi-
electron gives a finite result. Otherwise, depending on how
we approach it, in the continuum limit the quasielectron pole
gives rise to a slow lnN singularity, where N is the num-
ber of lattice sites. This also explains why such divergence is
hard to observe in the numerics. We then try to salvage the
ansatz wavefunction by projecting it on the LLL, which re-
moves the singularity. We demonstrate that the projected state
fails to obtain the correct braiding properties. We hence con-
clude that taking the continuum limit of the lattice quasielec-
tron wavefunction does not lead to a good continuum quasi-
electron ansatz.
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